
Double minimum in the free energy of a type-II superconductor

This article has been downloaded from IOPscience. Please scroll down to see the full text article.

1991 J. Phys.: Condens. Matter 3 9249

(http://iopscience.iop.org/0953-8984/3/46/024)

Download details:

IP Address: 171.66.16.159

The article was downloaded on 12/05/2010 at 10:48

Please note that terms and conditions apply.

View the table of contents for this issue, or go to the journal homepage for more

Home Search Collections Journals About Contact us My IOPscience

http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0953-8984/3/46
http://iopscience.iop.org/0953-8984
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


1. Phys.: Condens. Matter 3 (1991) 9249-9252. Printed in the UK 

LETTER TO THE EDITOR 

Double minimum in the free energy of a type-I1 
superconductor 

S Koka and K N Shnvastava 
School of Physics, University of Hyderabad, PO Central University, Hyderabad-SOO 134, 
India 

Received 1 July 1991 

Abstract. We find that the freeenergyola type-I1 superconductor as afunctionof magnetic 
field displays two minima and one maximum value. Thus there is a new type of oscillatory 
state tunnelling from one minimum to the other. The originof thisstate occurs in the proper 
consideration of the flux-lattice energy for a two-dimensional system with flux quantization. 

In the original Abrikosov solution [l], the free energy of a type-I1 superconductor as a 
function of the magnetic field in two dimensions describes periodic patterns due to flux 
quantization of the magnetic induction. In these patterns the lines of forces do not cross 
eachother. Thesymmetryofthepatternschangesfromthetriangular latticeat low fields 
to the square lattice at high fields with suitable emission of Goldstone bosons which 
carry the missing symmetries. Abrikosov found that the flux lines begin to penetrate 
when Hq0/41d becomes comparable with the energy per unit length of a single flux line. 
Here H i s  the magnetic field and po = hc/2e. In fact, this is the only definition of H C I .  
There is a phase in which the flux lines are entangled with each other and there is another 
with well separated flux lines as described by Nelson [2]. One of us has found [3] that 
the fluxons should be treated as bosons for a proper theory of flux-lattice melting. 

In this letter we calculate the flux-lattice energy which in two dimensions contains 
the quantized area in terms of the inverse magnetic induction and the unit flux. The free 
energy then has a term in inverse square of magnetic induction so that upon minimization 
as a function of magnetic induction, two minima are found. Thus we predict a new kind 
of intermediate flux state in type41 superconductors. This new phase should be accessible 
in high-temperature superconductors. 

The commensurate-incommensurate transition in two dimensions has been studied 
by Coppersmith era1 141. In this problem, fluctuations contribute to the wall free energy 
and cause an effective repulsive interaction between walls that varies as 1/13 where 1 is 
the average distance between the walls. This repulsive interaction between the walls 
makes the comensurate-incommensurate transition to the striped phase continuous. 
The lattice constant is U.  The number of possible positions for a given hexagon is of the 
order of yielding an entropic contribution to the free energy per hexagon of the 
form -6Tlnll/ul where 6 = 1. We define a dimensionless reciprocal lattice vector as 
q = I / Q .  This entropic contribution is useful for writing the free energy. 

The collisions between the flux lines make a contribution of ks Inq to the entropy 
of the system with q > 1. Since the spacing between collisions in the z-direction is, 
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1 = El/kBTn,  the total number of collisions is of the order of (L/I)  N = LA n2kBT/El 
where A is the area of the cross section and E ,  is the energy per unit length of a single 
flux line. The vortices form a triangular lattice with areal density, n = B/q,,, and N is 
the number of flux lines in a sample of length L .  The statistically averaged Gibbs free 
energy per unit volume, g(n), when minimized with respect to n,  gives the magnetic 
induction 

E = (2q,o/~AZ){ln[3plo/4nA2(H - HCl) ] } - ’  (1) 

for which g(n) is minimum. Here the logarithmic term has been included by analogy 
with the problem of Bose condensation, andA is the London penetration depth. This is 
the magnetic induction of a type-I1 superconductor first found by Abrikosov and written 
here in the form suggested by Nelson 121. 

We write the free energy as 

&‘(fl) =g(o) + ( € 1  - Hpl0/4X)n + n(3qi/8n2A2)Ko(d/A) 4- ( k ~ T ) ’ n ’  h Q / E I  ( 2 )  

where &is the modified Bessel function and d - n-li2 is the line spacing. We minimize 
g(n) by setting ag(n)/an = 0, so that 

E ,  - H p u / 4 n  + [3q,i/(8n2A2)]Ku(d/A) + 2n(ksT)’ In q / E I  = 0. (3) 

We substitute the flux-quantization condition n = B/qo in (3) to find, 

B = [ E I V O / ~ ( ~ B T ) *  Inql[HVo/4X - 3q;Kdd/A)/8n2A2 - E l l .  (4) 

Keepingonly the first term, replacing8n Inq by l/c, ageometrical constant and replacing 
H by H - Hcl, we find that the dominant term in the magnetic induction is given by 

B CElV;(H-  H C l ) / ( k ~ T ) * .  (5) 

In analogy with the problem of Bose condensation, we multiply H - Hcl by ln(n/c) so 
that the magnetic induction is determined by 

E = C E , ~ ~ ( H  - Hcl) In(n/c)/(ksT)*. (6) 

This expression is obtained by ignoring the second term of (4) which describes the decay 
of magnetic induction as a function of distance. The expression (4) is therefore a better 
description of magnetic induction than (6). 

In the case of two dimensions, we calculate the lattice energy. Since the area is flux 
quantized it depends on the magnetic field. Therefore, we consider the flux-lattice 
energy in d-dimensions as, 

Ed = IdLdh(ksT)dt’[(2n)d-1udfidt’ 1 -I (7) 
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where 

I, = /xddi[e’ - 11-1 (8)  

and U is the fluxon velocity. Ford = 2 ,  the above energy becomes 

E ,  = ( L 2 U 2 / 2 n ~ 2 ) ( k B T / f ) 3 .  (9) 

E ,  = (fi12/2nnoz)(kBT/ri)3. (10) 

Due to flux-quantized area, L2 = l/n, in the type-I1 superconductors so that EL2 = q,, 
for one unit flux. Efiminating L2 from (9) we find 

The Gibbs free energy then becomes 

g(n) =g(O) + - H q 0 / 4 n ) n  + n(3qf/&c2A2)K0(d/A) + [ (kBT)2nZ /&cc~ l ]  

+ (f12/2nnu2)(kBT/h)’. ( 1 1 )  
We evaluate ag(n)/an = 0 and set n = B / q o  to find 

[ ( ~ B T ) ’ / ~ ~ C ~ ~ I & I I  B3 - B2IHqo/4n - &I - (3@?,/h2A2) Ku(d/A)J 

- (h12q~ /2nu’ ) ( kBT/ f )3  = 0 (12) 
which is cubic in B, the roots of which occur at the maxima and minima in the free energy 
g(n). Ignoring the small terms in the coefficient of BZ we find that (12) may be written 
as 

H - H,, = (k=T)’B/cel pi - 212qo(k~T)~ / /o~ f i~B’  (13) 
for which there are maxima and minima in g(n). Ignoring the first term we see that 
B - T3/* which has the correct universal exponent independent of the system. The 
exponent of 3/2 was also found by de Almeida and Thouless [5] for a ferromagnetic 
transition. Usually the exponents depend on the dimensionality and the symmetry index 
ofthesystem.Thesecondtermof(13)isfoundhereford = 2. Theenergy(7)isquantum 
mechanicalIy correct for a Bose system. Indeed, Achar [6] has shown that the quantum 
nature of the fluid is important. 

We abbreviate the coefficients of (12) as, 

when the condition 

is satisfied, there are three real roots: 



9252 Letter to the Editor 

with 

COS Cp = f(3/f1 )3'2f0 (17) 
for the magnetic induction. This means that as we go through the extrema of g(n), 
the magnetic induction changes sign. When condition (15) is not satisfied but 
276 > 4f:, there isone real root: 

(18) 

(19) 

Bo = (A, /3) [2~0~h(~p/3)  - 11 
where 

cosh ~p = @/fi )'/'fO 
and there are two complex rootsindicatingdecay of the magnetic induction. The largest 
terms of (2) are 

d n )  (kBT)'flZ In Q/&i  - (&'0/4n)n (20) 

g1 = (k,T)'BB: I n q / d k I  - ffIB11/4n 

g, = ( k ~ T ) 2 B ~ I n q / v Z , ~ ,  + H ( B z / / 4 n  

g, = ( k B T ) 2 B ~ i n q / p ~ e ,  +Hlb31/4n (21) 

so that 

where the modulus of B, (i = 1-3) has been taken. At some of the angles, 8 ,  is negative 
while B L  and B,  are positive. Thus there is a minimum at B ,  and there are two maxima: 
one at B2 and the other at B3. When the value of q? enters the third quadrant, B ,  is 
positive while B,  and E ,  are negative. Thus, B z  and B3 are two stable minima so that the 
systemoscillates betweeng, and& by tunnelling. From (17) cos q is negativeandhence 
two minima in g(n) are predicted. 

In conclusion, we find that the free energy of a type-11 superconductor oscillates 
from one minimum value to another, each of which occurs at different fields. The 
multiplicity in  the induction fields corresponding to minima in the free energy is caused 
by the flux-lattice energy per unit area. 
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Government of India through the Dr KS  Krishnan Fellowship. Weexpressour gratitude 
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